Introduction
The problem that we consider is generally rised for all locally compact Abelian groups and the results that we obtain concern only the field Q p of p-adic numbers (p ≥ 2 being a prime). Let us first state the problem. Let G be a locally compact Abelian group and Ω ⊂ G be a Borel set of positive and finite Haar measure. The set Ω is said to be spectral if there exists a set Λ ⊂ G of continuous characters of G which forms a Hilbert basis of the space L 2 (Ω) of square Haarintegrable functions. Such a set Λ is called a spectrum of Ω and (Ω, Λ) is called a spectral pair. We say that the set Ω tiles G by translation if there exists a set T ⊂ G of translates such that t∈T 1 Ω (x − t) = 1 for almost all x ∈ G, where 1 A denotes the indicator function of a set A. Such a set T is called a tiling complement of Ω and (Ω, T ) is called a tiling pair. The so-called spectral set conjecture states that Ω is a spectral set if and only if Ω tiles G.
This conjecture in the case G = R d is the famous Fuglede spectral set conjecture [9] . Both the original Fuglede conjecture and the generalized conjecture stated above have attracted considerable attention over the last decades. For the case of R d , many positive results were obtained [10, 11, 12, 14, 15, 16, 23, 24] before Tao [30] disproved it by showing that the direction "Spectral ⇒ Tiling" does not hold when d ≥ 5. Now it is known that the conjecture is false in both directions for d ≥ 3 [8, 17, 18, 25] . However, the conjecture is still open in lower dimensions (d = 1, 2). On the other hand, Iosevich, Katz and Tao [10] proved that Fuglede's conjecture is true for convex planar sets. The non-convex case is considerably more complicated, and is not understood even in dimension 1. Lagarias and Wang [22, 23] proved that all tilings of R by a bounded region must be periodic, and that the corresponding translation sets are rational up to affine transformations. This in turn leads to a structure theorem for bounded tiles, which would be crucial for the direction "Tiling⇒ spectral ". Assume that Ω ⊂ R is a finite union of intervals. The conjecture holds when Ω is a union of two intervals [19] . If Ω is a union of three intervals, it is known that "Tiling⇒ spectral "; and "Spectral ⇒ Tiling"holds with "an additional hypothesis" [1, 2, 3] .
The problem for local fields was considered by the first author of the present paper in [6] where among others, is proved the basic Landau theorem concerning the Beurling density of spectrum. In this paper, we consider the conjecture restricted for compact open sets in the field Q p of p-adic numbers.
We shall give a geometric characterization of compact open spectral sets and prove that a compact open set is a spectral set if and only if it tiles Q p . The spectra and the tiling complements of compact open spectral sets are also investigated. Subject to an isometric transformation of Q p , the spectra and tiling complements are unique and determined by the set of possible distances of different points in the compact open spectral set.
Actually, in [7] , we prove that the conjecture holds in Q p without the compact open restriction. Moreover, any spectral set is proved to be a compact open set up to a Haar-null set.
Let us recall some notions and notation (we refer to [31] ). The ring of p-adic integers is denoted by Z p and the Haar measure on Q p is denoted by m or dx. We assume that the Haar measure is normalized so that m(Z p ) = 1. The dual group Q p of Q p is isomorphic to Q p . Any x ∈ Q p can be written as
a n p n (v p (x) ∈ Z, a n ∈ {0, 1, 2, · · · , p − 1} and a vp(x) = 0).
Here, the integer v p (x) is called the p-valuation of x. The fractional part {x} of x is defined to be −1 n=vp(x) a n p n . We fix the following character χ ∈ Q p :
χ(x) = e 2πi{x} .
Notice that χ is equal to 1 on Z p but is non-constant on p −1 Z p . For any y ∈ Q p , we define χ y (x) = χ(yx).
Then the map y → χ y from Q p onto Q p is an isomorphism. In order to state our main result, we consider the field Q p as an infinite tree (T , E). The set of vertices T is the set of all balls in Q p . The set of edges E is the subset of T × T consisting of pairs (B , B) ∈ T × T such that
where |B| denotes the Haar measure of the ball B. This fact will be denoted by B ≺ B. We call B a descendant of B, and B the parent of B . Any bounded open set O of Q p can be described by a subtree (T O , E O ) of (T , E). In fact, let B * be the smallest ball containing O, which will be the root of the tree. For any given ball B contained in O, there is a unique sequence of balls B 0 , B 1 , · · · , B r such that
We assume that the set of vertices T O is composed of all such balls B 0 , B 1 , · · · , B r for all possible balls B contained in O. The set of edges E O is composed of all edges B i ≺ B i+1 as above. Figure 2 . For p = 2, a p-homogeneous tree.
A subtree (T , E ) is said to be homogeneous if the number of descendants of B ∈ T depends only on |B|. If this number is either 1 or p, we call (T , E ) a p-homogeneous tree.
A bounded open set is said to be homogeneous (resp. p-homogeneous) if the corresponding tree is homogeneous (resp. p-homogeneous).
Any compact open set can be described by a finite tree, because a compact open set is a disjoint finite union of balls of same size. In this case, as in the above construction of subtree we only consider these balls of same size as B. We shall prove that the Fuglede conjecture holds in Q p among compact open sets and that spectral sets are characterized by their phomogeneity.
Notice that an open compact set Ω can be written as c∈C (c + p γ Z p ) for some finite set C ⊂ Q p and some integer γ ∈ Z. As we shall see in Section 3.2, for such a set Ω to be spectral with Λ as spectrum if
So we are led to study the trigomometric polynomial c∈C χ(ct). For any subset Ω ⊂ Q p , the set of admissible p-orders of Ω is defined by I Ω := {i ∈ Z : ∃ x, y ∈ Ω such that v p (x − y) = i}. Remark that p −I Ω is the set of possible distances of different points in Ω.
Assume that Ω is a p-homogeneous compact open set. By the definition of I Ω , an integer i ∈ I Ω if and only if the balls of radius p −i in the tree T Ω has p descendants. And there is an integer γ such that i ∈ I Ω if i ≥ γ. This is the reason why could a compact open set be described by a finite tree.
On the other hand, it is of interest to investigate the structures of the spectra and the tiling complements of Ω. We obtain that the spectra and the tiling complements of Ω are uniquely determined by the set I Ω , but subject to an isometric transformation of
Recall that the addition of two subsets A and B in Q p is defined by
Let {A i : i ∈ I} be a family of subsets in Q p such that all A i contain 0. We define i∈I A i := i∈J a i : J ⊂ I finite and a i ∈ A i . Theorem 1.2. Let Ω be a p-homogeneous compact open set in Q p with admissible p-order set I Ω .
(a) Subject to an isometric bijection of Q p ,
is the unique spectrum of Ω. (b) Subject to an isometric bijection of Q p ,
is the unique tiling complement of Ω.
It is clear that if Ω is a spectral set with Λ as spectrum, then so are its translates Ω + a (a ∈ Q p ) with spectrum Λ and its dilations bΩ (b ∈ Q * p ) with spectrum b −1 Λ. It is also true that the translation and the dilation don't change the tiling property and the homogeneity.
Since Ω is compact open, by scaling and translation, we may assume that Ω ⊂ Z p and 0 ∈ Ω. So it can be represented as a disjoint union of balls of same size
where γ is a nonnegative integer and C ⊂ {0, 1, · · · , p γ − 1}. For each 0 ≤ n ≤ γ , denote by C mod p n := {x ∈ {0, 1, . . . , p n −1} : ∃ y ∈ C, such that x ≡ y (mod p n )} the subset of Z/p n Z determined by C modulo p n . We also obtained the following characterization of spectral sets in the finite group Z/p γ Z.
The following statements are equivalent:
(a) C is a spectral set in Z/p
kn for some integer k n ∈ N, where (C mod p n ) is the cardinality of the finite set C mod p n .
As Terence Tao noted on page 3 of [30] , the equivalence (a)⇔(b) is not new, but follows from Laba [20] , which in turn builds on the work of Coven-Meyerowitz [5] . However, we prove it by showing that both (a) and (b) are equivalent to (c) which implies p-homogeneity of C. The p-homogeneity is practically checkable. We can use it to describe finite spectral sets (more precisely, the probability spectral measures uniformly distributed on finite sets) in Q p . A probability Borel measure µ on Q p is called a spectral measure if there exists a set Λ ⊂ Q p such that {χ λ } λ∈Λ forms an orthonormal basis (i.e. a Hilbert basis) of the L 2 (µ). Let F be a finite subset of Q p . Consider the uniform probability measure on F defined by
where δ c is the dirac measure concentrated at the point c. Let
where v p (x) denotes the p-valuation of x ∈ Q p . Then p −γ F is the minimal distance between different points in F . The above theorem provides a criterion of finite spectral set, combining with Theorem 1.1. Corollary 1.5. The measure δ F is a spectral measure if and only if
Moreover, we are interested in finding more spectral measures. And we provide a class of Cantor spectral measures. Theorem 1.6. There exists a class of singular spectral measures in Q p .
The article is organized as follows. In Section 2, we introduce some basic definitions and preliminaries on the field Q p of p-adic numbers, Fourier analysis on Q p and Z-module generated by the p n -th roots of unity. In Section 3, we prove Theorem 1.1. In Section 4, we characterize spectral sets and tiles in the finite group Z/p γ Z. Theorem 1.3 is proved there. Section 5 is devoted to the characterization of spectra and tiling complements. Theorem 1.2 is proved at the end of this section. In Section 6, we characterize finite spectral sets in Q p (Theorem 1.4) . In Section 7, we shall construct a class of singular spectral measures (Theorem 1.6) and present two concrete examples .
Preliminaries
In this section, we present some preliminaries. Some of them have their own interests, like characterization of spectral measures using Fourier transform, Z-module generated by the p n -th roots of unity, uniform distribution of spectrum etc. We start with recalling p-adic numbers and related notation, and the computation of the Fourier transform of the indicator function of a compact open set.
2.1. The field of p-adic numbers. Consider the field Q of rational numbers and a prime p ≥ 2. Any nonzero rational number r ∈ Q can be written as r = p where v, a, b ∈ Z and (p, a) = 1 and (p, b) = 1 (here (x, y) denotes the greatest common divisor of two integers x and y). We define v p (r) = v and |r| p = p −vp(r) for r = 0 and |0| p = 0. Then | · | p is a non-Archimedean absolute value on Q. That means (i) |r| p ≥ 0 with equality only for r = 0; (ii) |rs| p = |r| p |s| p ; (iii) |r + s| p ≤ max{|r| p , |s| p }. The field of p-adic numbers Q p is the completion of Q under the absolute value | · | p . Actually a typical element of Q p is of the form of a convergent series ∞ n=N a n p n (N ∈ Z, a n ∈ {0, 1, · · · , p − 1}, a N = 0).
Consider Q p as an additive group. Then a non-trivial group character is the following function
where {x} = −1 n=N a n p n is the fractional part of x = ∞ n=N a n p n . From this character we can obtain all characters χ y of Q p , which are defined by χ y (x) = χ(yx). Remark that each χ y (·) is uniformly locally constant, i.e.
The interested readers are referred to [29, 31] for further information about characters of Q p .
Notation:
1 A : the indicator function of a set A.
2.2.
Fourier transformation. Let µ be a finite Borel measure on Q p . The Fourier transform of µ is classically defined to be
The following lemma shows that the Fourier transform of the indicator function of a ball centered at 0 is a function of the same type and the Fourier transform of the indicator function of a compact open set is also supported by a ball, and on the ball it is the restriction of a trigonometric polynomial.
is a finite union of disjoint balls of the same size, then
Proof. (a) By the scaling property of the Haar measure, we have only to prove the result in the case γ = 0. Recall that
When |ξ| p ≤ 1, the integrand is equal to 1, so 1 B(0,1) (ξ) = 1. When |ξ| p > 1, making a change of variable x = y − z with z ∈ B(0, 1) chosen such that χ(ξ · z) = 1, we get
It follows that 1 B(0,1) (ξ) = 0 for |ξ| p > 1.
(b) is a direct consequence of (a) and of the fact
2.3.
A criterion of spectral measure. Let µ be a probability Borel measure on Q p . We say that µ is a spectral measure if there exists a set Λ ⊂ Q p such that {χ λ } λ∈Λ is an orthonormal basis (i.e. a Hilbert basis) of L 2 (µ). Then Λ is called a spectrum of µ and we call (µ, Λ) a spectral pair. Assume that Ω is a set in Q p of positive and finite Haar measure. That Ω is a spectral set means the restricted measure
m| Ω is a spectral measure. In this case, instead of saying (
m| Ω , Λ) is a spectral pair, we say that (Ω, Λ) is a spectral pair.
Here is a criterion for a probability measure µ to be a spectral measure. The result in the case R d is due to Jorgensen and Pedersen [13] . It holds on any local field (see [6] ). The proof is the same as in the Euclidean space. We reproduce the proof here for completeness. Lemma 2.2. A Borel probability measure on Q p is a spectral measure with Λ ⊂ Q p as its spectrum iff
In particular, a Borel set Ω such that 0 < |Ω| < ∞ is a spectral set with Λ as spectrum iff
Remark that
It follows that χ λ and χ ξ are orthogonal in L 2 (µ) iff µ(λ − ξ) = 0. Assume that (µ, Λ) is a spectral pair. Then (2·2) holds because of the Parseval equality and of the fact that { µ(λ − ξ)} λ∈Λ are Fourier coefficients of χ ξ under the Hilbert basis {χ λ } λ∈Λ .
Now assume (2·2) holds. Fix any λ ∈ Λ and take ξ = λ in (2·2). We get 1 +
which implies µ(λ − λ ) = 0 for all λ ∈ Λ \ {λ }. Thus we have proved the orthogonality of {χ λ } λ∈Λ . It remains to prove that {χ λ } λ∈Λ is complete. By the Hahn-Banach Theorem, what we have to prove is the implication
The condition (2·2) implies that
This implies that χ ξ is in the closure of the space spanned by {χ λ } λ∈Λ .
As f is orthogonal to χ λ for all λ ∈ Λ. So, f is orthogonal to χ ξ . Thus we have proved that
That is, the Fourier coefficients of the measure f dµ are all zero. Finally f = 0 µ-almost everywhere.
2.4. Z-module generated by p n -th roots of unity. The Fourier condition of a spectral set is tightly related to the fact that certain sums of roots of unity must be zero. Let m ≥ 2 be an integer and let ω m = e 2πi/m , which is a primitive m-th root of unity. Denote by M m the set of integral points
which form a Z-module. The fact that the degree over Q of the extension field Q(ω m ) is equal to φ(m), where φ is Euler's totient function, implies that the rank of M m is equal to m − φ(m). Schoenberg ([28] , Theorem 1) found a set of generators. See also de Bruijn [4] and Rédei [26, 27] (actually, Rédei [26] was the first to formulate this, his incomplete proof was completed in [4] and in [27] , and later independently in [28] ). Lagarias and Wang ( [21] , Lemma 4.1) observed that this set of generators is actually a base when m is a prime power. Let p be a prime and n be a positive integer.
We shall use Lemma 2.3 in the following two particular forms. The first one is an immediate consequence.
Lemma 2.5. Let C be a finite subset of Z. If c∈C e 2πic/p n = 0, then p | C and C can be decomposed into C/p disjoint subsets C 1 , C 2 , · · · , C C/p , such that each C j consists of p points and
Proof. Observe that e 2πic/p n = e 2πic /p n if and only if c ≡ c (mod p n ). Fix a point c 0 ∈ C. By Lemma 2.3, there are other p − 1 points
So, the hypothesis is reduced to
We can complete the proof by induction.
The following lemma states that the property
Without loss of generality, we assume that m = p. By Lemma 2.4, subject to a permutation of (ξ 0 , · · · , ξ p−1 ), there exists r ∈ Q p such that
where x 0 ∈ {1, · · · , p − 1} is the first digit of the p-adic expansion of x. Observe that the multiplication by x 0 induces a permutation on {0, 1, · · · , p − 1}. So we have
2.5. Uniform distribution of spectrum. The following lemma establishes the fact that given a compact open spectral set in Z p consisting of small balls of radius p −γ (γ > 0), any spectrum of the set is uniformly distributed in the sense that any ball of radius p γ contains exactly as many points as the number of small balls of radius p −γ in the spectral set. This fact will contribute to proving "spectral property implies homogeneity" of Theorem 1.1.
Let Ω be a compact open subset of Z p . Assume that Ω is of the form Ω = c∈C c+p γ Z p , where γ is a positive integer and
Lemma 2.7. Suppose that (Ω, Λ) is a spectral pair. Then every closed ball of radius p γ contains C spectrum points in Λ. That is,
Proof. By Lemma 2.1, we have
Then a simple computation leads to
Consider the equality (2·3) in Lemma 2.2. By integrating both sides of this equality on the ball B(a, p γ ), we get
Here we have used the fact that two balls of same size are either identical or disjoint. Observe that
However, by the assumption, |c − c | p > p −γ for c, c ∈ C with c = c . Hence we have
Applying the equalities (2·5) and (2·6) to the equality (2·4), we obtain
The restriction that Ω is contained in Z p is not necessary, because scaling and translation preserves the spectral property.
2.6. Finite p-homogeneous trees. Let γ be a positive integer. To any t 0 t 1 · · · t γ−1 ∈ {0, 1, 2, · · · , p − 1} γ , we associate an integer
which is considered as a finite tree, denoted by T (γ) , see Figure 4 for an example. The set of vertices T (γ) consists of the disjoint union of the sets Z/p n Z, 0 ≤ n ≤ γ. Each vertex, except the root of the tree, is identified with a sequence t 0 t 1 · · · t n−1 with 1 ≤ n ≤ γ and t i ∈ {0, 1, · · · , p−1}. The set of edges consists of pairs (x, y) ∈ Z/p n Z× Each subset C ⊂ Z/p γ Z will determine a subtree of T (γ) , denoted by T C , which consists of the paths from the root to the boundary points in C. The set of vertices T C consists of the disjoint union of the sets C mod p n , 0 ≤ n ≤ γ. The set of edges consists of pairs (x, y) ∈ C mod p n × C mod p n+1 , such that x ≡ y (mod p n ), where 0 ≤ n ≤ γ − 1. Now we are going to construct a class of subtrees of T (γ) . Let I be a subset of {0, 1, 2, · · · , γ − 1} and let J be the complement of I in {0, 1, 2, · · · , γ−1}. Thus I and J form a partition of {0, 1, 2, · · · , γ−1}. It is allowed that I or J is empty. We say a subtree of T (γ) is of T I,J -form if its boundary points t 0 t 1 · · · t γ−1 of T I,J are those of T (γ) satisfying the following conditions: (i) if i ∈ I, t i can take any value of {0, 1, · · · , p − 1}; (ii) if i ∈ J, for any t 0 t 1 · · · t i−1 , we fix one value of {0, 1, · · · , p − 1} which is the only value taken by t i . In other words, t i takes only one value from {0, 1, · · · , p − 1} which depends on t 0 t 1 · · · t i−1 .
Remark that such a subtree depends not only on I and J but also on the values taken by t i 's with i ∈ J. A T I,J -form tree is called a finite p-homogeneous tree. A special subtree T I,J is shown in Figure 5 .
A set C ⊂ Z/p γ Z is said to be p-homogeneous if the corresponding tree T C is p-homogeneous. If C ⊂ {0, 1, 2, · · · , p γ − 1} is considered as a subset of Z p , the tree T C could be identified with the finite tree determined by the compact open set Ω = c∈C c + p 
Then C = p n and C is p-homogeneous. Moreover, T C is a T I,J -form tree with I = {i 1 − 1, i 2 − 1, · · · , i n − 1} and J = {0, 1, · · · , γ − 1} \ I.
Proof. For simplicity, let m = C. By Lemma 2.5 and the equality (2·8) with k = n, p | m and C can be decomposed into m/p subsets C 1 , C 2 , · · · , C m/p such that each C j consists of p points and
Then, by Lemma 2.4, we have that
if c and c lie in the same C j . Now we consider the equality (2·8) when k = n − 1. Since i n−1 < i n , the equality (2·9) implies the function c → e This equivalence follows from the facts that each C j contains the same number of elements.
Similarly
if c and c lie in same C j . By induction, we get p n | m. By the hypotheses m ≤ p n , we finally get p n = m. Furthermore, the above argument implies that T C is a p-homogeneous tree of T I,J -form with I = {i 1 −1, i 2 −1, · · · , i n −1} and J = {0, 1, · · · , γ− 1} \ I.
Compact open tiles in
which is a complete set of representatives of the cosets of the additive subgroup Z p . Then L identified with (Q p /Z p , +) has a structure of group with the addition defined by
Notice that L is not a subgroup of Q p . Notice that L is the set of p-adic rational numbers
Let A, B and C be three subsets of some Abelian group. We say that A is the direct sum of B and C if for each a ∈ A, there exist a unique pair (b, c) ∈ B × C such that a = b + c. Then we write A = B ⊕ C.
It is obvious that
Notice that
So L γ is a tiling complement of B(0, p γ ). Assume that Ω tiles Z p with tiling complement T . Set
Notice that for each a ∈ Q p , either Ω + a ⊂ Z p or (Ω + a) ∩ Z p = ∅. Then Ω tiles Z p if and only if it tiles Q p . So we immediately have the following corollary. 2.8. p-homogeneous discrete set in Q p . Let E be a discrete subset in Q p . Recall that
The following lemma gives the relation between the number of elements and possible distances in a finite subset of Q p . Lemma 2.12. Let Λ be finite subsets of Q p . Then
Proof. Assume that I E = n and I E = {i 1 , i 2 , · · · , i n } with i 1 < i 2 < · · · < i n . By assumption, E is contained in a ball of radius p −i 1 . Each ball of radius p −i 1 consists of p balls of radius p
By assumption, for each E i , we have I E i ⊂ {i 2 , i 3 · · · , i n }. We apply the above argument again, with E replaced by each E i . By induction, it suffiices to prove the conclusion when I E = 1. Obviously, E ≤ p if I E = 1, which completes the proof.
Remark that a subset E of Q p is uniformly discrete if I E is bounded from above. Denote γ E by the maximum of I E . For each integer n, set I ≥n E := {i ∈ I E : i ≥ n}. By Lemma 2.12, for each ball B(a, p −n ) with n ≤ γ E , we have
for all integers n and all a ∈ Q p . By definition, the following lemma is immediately obtained.
Lemma 2.13. A finite set Λ ⊂ Q p is p-homogeneous if and only if
The following lemma shows that the p-homogeneous discrete sets, under isometric transformations, admit canonical forms.
Lemma 2.14. Let E be a p-homogeneous discrete subset of Q p . Then there exists an isometric transformation f : Q p → Q p , such that
Proof. Without loss of generality, we assume that E contains 0. Otherwise, we take a translate f a (x) = x − a with some a ∈ E. So f a (E) contains 0.
Recall that I E is bounded from above and γ E is the maximum of I E . For integers n > γ E , 0 is the unique point of E which lies in the balls p n Z p . Now we are going to construct an isometric transformation on Q p by induction.
Step I: Let n 0 = γ E . Then the set E ∩ p n 0 Z p consists of p points
So we obtain an isometric map f n 0 :
Step II: Let n 1 = γ E − 1. We distinguish two cases:
If n 1 ∈ I E , we decompose p n 1 Z p as
Applying the similar argument as the Step I to each jp
So we obtain an isometric transformation f n 1 on p n 1 Z p such that
If n 1 / ∈ I E , we define
So f n 1 is an isometric transformation on p n 1 Z p such that
By induction, we obtain an isometric transformation f :
Proposition 2.15. Let E and E be two p-homogeneous discrete sets in Q p . Then I E = I E if and only if there exists an isometric transformation f :
Proof. The 'if' part of the statement is obvious.
We are going to prove the 'only if ' part. We claim that the isometric transformation constructed in Lemma 2.14 is a bijection. Actually, any isometric transformation of Q p is surjective, which can be deduced from the fact that isometric transformations on compact metric spaces are surjective and Q p = n≥0 p −n Z p . Thus, by Lemma 2.14, we have two isometric bijections f 1 , f 2 : Q p → Q p such that
is an isometric transformation of Q p , which maps E onto E .
Compact open spectral sets in Q p
This section is devoted to the proof of Theorem 1.1. Let Ω be a compact open set in Q p . Therefore, without loss of generality, we assume that Ω is contained in Z p and 0 ∈ Ω. Let Ω be of the form
where γ ≥ 1 is an integer and C ⊂ {0, 1, · · · , p γ − 1}.
3.1. Homogeneity implies spectral property. Assume that Ω is a p-homogeneous compact open set contained in Z p and containing 0. We are going to show that Ω is a spectral set by constructing a spectrum for Ω. Let I Ω be the structure set of Ω. Then I Ω determines a finite p-homogeneous tree of type T I,J with I = I Ω ∩ {0, 1, · · · , γ − 1} and
We claim that (Ω, Λ) is a spectral pair. To prove the claim, it suffices to check the equality (2·3) in Lemma 2.2. The term on the left hand side of the equality (2·3) is equal to
which consists of p I elements. Using this last fact, the fact |Ω| 2 = p −2(γ− I) and the equality (3·11), to prove the equality (2·3), we have only to prove that 
From this, we observe that as function of λ, χ((c − c )(λ − ξ)) only depends on the coordinates a i of λ with i ∈ I i 0 . Then, by the definition of Λ, for each λ = i∈I 0 a i p
Therefore, we shall prove (3·12) if we prove that the factor corresponding to i = i 0 on the right hand side of the last equality is zero, i.e.
This is really true because of Lemma 2.6 and
Thus we have proved that Ω is a spectral set.
Spectral property implies homogeneity.
Assume that Λ is a spectrum of Ω. We are going to show that Ω is p-homogeneous. By Lemma 2.7, we have (
be the set of possible distances of different spectrum points in the ball B(0, p γ ). Notice that log p (D) ⊂ {1, 2, · · · , γ}. Assume that D = n and
Observe that
So, the orthogonality of {χ λ } λ∈Λ implies
By (3·14) and Lemma 2.6, it deduces that C satisfies the conditions in Theorem 2.9. Therefore, C is a p-homogeneous tree.
On the other hand, (B(0, p γ ) ∩ Λ) = C = p n . Thus, by Lemma 2.13, the discrete set B(0, p γ ) ∩ Λ is p-homogeneous with I B(0,p γ )∩Λ = − log p (D).
3.3.
Equivalence between homogeneity and tiling. Due to Lemma 2.8 and Corollary 2.11, it is sufficient to prove that C is a tile of Z/p γ Z if and only if T C is a p-homogeneous tree. We shall finish the proof when we have proved the equivalence between the tiling property and the p-homogeneity of a set in Z/p γ Z. This will be done in the next section.
Spectral sets and tiles in
In this section, we characterize spectral sets and tiles in the finite group Z/p γ Z. Spectral sets and tiles in this group are the same which are characterized by a simple geometric property that we qualify as p-homogeneity. They can also be characterized by their Fourier transforms.
Recall that the characters of Z/p γ Z are the functions
We identify Z/p γ Z to {0, 1, · · · , p γ −1} which can be viewed as a subset of Q p . The restriction of the characters χ k p γ
For a subset C of Z/p γ Z which is viewed as a subset of Q p , let δ C be the uniform probability measure in Q p . By definition, we immediately have the following lemma. (1) T C is a p-homogeneous tree.
(3) There exists a subset I ⊂ N such that I = log p ( C) and 1 C (p ) = 0 for ∈ I. (4) There exists a subset I ⊂ N such that I ≥ log p ( C) and
Proof. (1) ⇒ (2): It follows from the definition of p-homogeneous subtree.
(2) ⇒ (3): From C = p kγ we get log p ( C) = k γ . For simplicity, denote by C j = C mod p j for 1 ≤ j ≤ γ.
Define
More precisely,
which is exactly the condition in Theorem 2.9. Therefore we can prove that I = log p ( C) and T C is a p-homogeneous tree.
(1) ⇒ (5): Assume that T C is a p-homogeneous tree T I,J . It is obvious that C has the tiling property C ⊕ S = Z/p γ Z with the tiling complement
In other words, 1 C * 1 S = 1, where the convolution is that in group Z/p γ Z. Then we have
where δ 0 is the Dirac measure concentrated at 0. Consequently
where Z( f ) := {x : f (x) = 0} is the set of zeros of f . In particular, the powers p with = 0, 1, 2, · · · , γ − 1 are zeroes of either 1 C or 1 S . Let
On the other hand, we have log p C + log p S = γ. It follows that we have
If C z ≥ log p C, we are done. If S z ≥ log p S, the arguments used in the proof (4) ⇒ (1) leads to S z = log p S. So we have C z ≥ log p C .
(1) ⇔ (6): In Sections 3.1 and 3.2, we have proved the equivalence between (1) and that Ω = c∈C c + p γ Z p is a spectral set in Q p . By Lemma 4.1, we have that (6) is equivalent to that δ C is a spectral measure in Q p . Then what we have to prove is the follwoing equivalence:
Ω is a spectral set in Q p ⇔ δ C is a spectral measure in Q p .
Recall that
where Λ C ⊂ B(0, p γ ) is some finite set, because it is known from Sections 3.1 and 3.2, that Ω has a spectrum of the form Λ C + L γ if it is a spectral set. By Lemma 2.2, (δ C , Λ C ) is a spectral pair in Q p if and only if
Recall that
The equality (4·15) is then equivalent to
which means, by Lemma 2.2, that (Ω, Λ C + L γ ) is a spectral pair.
Uniqueness of spectra and tiling complements
In this section, we shall investigate the structure of the spectra and tiling complements of a p-homogeneous compact set. Without loss of generality, we assume that Ω is of the form
where γ ≥ 1 is an integer and C ⊂ {0, 1, · · · , p γ − 1}. We immediately get that
I Ω ⊂ N and n ∈ I Ω if n ≥ γ.
Assume that Λ is a spectrum of Ω and T is a tiling complement of Ω. Notice that Λ and T are discrete subsets of Q p such that
Now we are going to characterize of the spectra and tiling components. In fact, it is routine to check that the equation (2·2) holds for any phomogeneous discrete set Λ with I Λ = −(I Ω +1). So the p-homogeneity of Λ and the equality I Λ = −(I Ω +1) is sufficient for Λ being a spectrum of Ω.
(b) By Corollary 2.11 and Theorem 4.2, T ∩ Z p is a p-homogeneous discrete set with admissible p-order set
Similarly, for any a ∈ Q p , T ∩ (a + Z p ) is a p-homogeneous discrete set with I T ∩(a+Zp) = I T ∩Zp . Since two balls of same size are either identical or disjoint, T ∩ (p
An argument by induction shows that T ∩ (p −n Z p ) is p-homogeneous with
As in (a), we get that T is a p-homogeneous discrete set with admissible p-order set I T = Z \ I Ω .
On the other hand, one can check that any p-homogenous discrete set T with I T = Z \ I Ω is a tiling complement of Ω. Figure 6 . The left is the tree determined by Ω = (1 + 8Z 2 ) ∪ (4 + 8Z 2 ); the middle is the tree determined by Λ γ = {0, 1/2}; the right is the tree determined by T 0 = {0, 2, 4, 6}.
Finite spectral sets in Q p
The following theorem characterizes the uniform probability measures supported on some finite sets C ⊂ Q p and it gives more information than Theorem 1.4. As we shall see, the measure δ C is a spectral measure if and only if C is represented by an infinite p-homegeneous tree for which, from some level on, each parent has only one son. Recall that
Theorem 6.1. The following are equivalent.
(1) The measure δ C is a spectral measure.
Proof. Without loss of generality, we assume that C ⊂ Z p , so that γ C ≥ 0. Recall that for any integer γ ∈ Z, L γ denotes a complete set of representatives of the cosets of the subgroup B(0, p γ ) of Q p . (1) ⇒ (2): Fix γ > γ C . Assume that Λ C is a spectrum of δ C , which means by Lemma 2.2 that
Observe that we can assume Λ C ⊂ B(0, p γ ). We assume 0 ∈ Λ C . Let λ be an arbitrary point in Λ C , different from 0. The orthogonality of χ 0 and χ λ is nothing but c∈C χ(λc) = 0.
Apply Lemma 2.3 , we get that
Fix ξ ∈ Q p . By (6·17), we have
where the second equality is a consequence of the criterion(6·16) and of the fact that (δ C , Λ C + ξ ) is also a spectral pair. This means, by
Without loss of generality, we assume that C ⊂ Z p . If γ ≤ 0, Ω γ is equal to p −γ Z p which is spectral. If 1 ≤ γ ≤ γ 0 , Ω γ is spectral directly by the hypothesis and Theorem 1.1. Observe that (C mod p γ ) = C for γ > γ C . Therefore, if γ > γ 0 > γ C , C mod p γ is p-homogeneous, so that Ω γ is a spectral set.
(4) ⇒ (1): For any ξ ∈ Q p , there exists an integer γ > γ C such that ξ ∈ B(0, p γ ). Fix this γ depending on ξ. By the hypothesis, Ω γ is a spectral set. Assume that Λ γ is a spectrum of Ω γ . That is to say
We can assume that Λ γ has the form Λ C + L γ (see Theorem 1.2), where Since |Ω γ | 2 = ( C) 2 p −2γ , we get
This means that the measure δ C is a spectral measure by Lemma 2.2.
Singular Spectral Measures
In this section, we shall construct a class of singular spectral measures. Let I, J be two disjoint infinite subsets of N such that m| Ωγ weakly converge to a singular measure µ I,J as γ → ∞. The measure µ I,J is supported on a p-homogeneous, Cantor-like set of measure 0, and the measure of an open ball with respect to µ I,J is just the "proportion" of this support inside the ball. All this could be well defined; the proofs are simple exercises of measure theory, in particular, applications of the Portmanteau Theorem. We should remark that µ I,J depends not only on I and J but also on the choice of C Iγ ,Jγ . Actually, the choice of C Iγ ,Jγ implies that the average Dirac measures δ C Iγ ,Jγ also converge to µ I,J as γ → ∞. Proof. What we have to prove is the equality (2·2) for the pair (µ I,J , Λ). Since µ I,J is the weak limit of For each integer γ ≥ 0, let Λ γ = Λ ∩ B(0, p γ ). Note that Ω γ is a spectral set with spectrum Λ γ + L γ by Theorem 1.2. Then (2·3) gives the following equality
By Fatou's Lemma, we get that
for all ξ ∈ Q p . Now, for any positive integer γ 0 , we shall show that (nγ + J γ ).
The measure constructed above in this special case is a self-similar measure generated by the following iterated function system: f c (x) = p γ x + c (c ∈ C := C Iγ,Jγ ).
Let us consider two concrete examples. 
